We discuss several models of the dynamics of interacting populations. The models are constructed by nonlinear differential equations and have two sets of parameters: growth rates and coefficients of interaction between populations. We assume that the parameters depend on the densities of the populations. In addition the parameters can be influenced by different factors of the environment. This influence is modelled by noise terms in the equations for the growth rates and interaction coefficients. Thus the model differential equations become stochastic. In some particular cases these equations can be reduced to a Foker-Plancnk equation for the probability density function of the densities of the interacting populations.
Introduction
In this paper we shall discuss several models of the dynamics of interacting biological populations. Usually such models consist of nonlinear ordinary differential equations for the population densities [1] - [6] . Two sets of parameters are presented in the models: growth rates and coefficients of interaction between the populations. The basic assumption in the discussed below models is that the model parameters depend on the densities of the populations.
The new point in this study is the assumption that the model parameters can depend also on the environment. This influence will be modelled by noise terms. Thus the model equations will become nonlinear stochastic differential equations. The kind of noise will be multiplicative noise (noise that depends on the populations densities) or more complicated kind of noise.
The result of the influence of the environment fluctuations is that instead of equations for the trajectories of the populations in the phase space of the population densities we will have to write and solve equations for the probability density functions of the densities of the interacting populations.
Below we shall discuss the models in order of their increasing mathematical complexity. We shall start with inclusion of additive noise only in the growth rates of populations. This will lead to arising of multiplicative noise in the model equations. Then we shall consider a model with additive noise in the coefficients of interaction between the populations. The third model will contain additive noise in the both sets of parameters: in growth rates and in the interaction coefficients. Next we shall consider a model with multiplicative state dependent noises in the growth rates and in the interaction coefficients of the model equations. Finally we shall show a part of methodology for reduction of the nonlinear stochastic differential equations to a Fokker-Planck equation for the probability density function of the spatial densities of the populations. Several concluding remarks are given at the end of the paper.
Model equations without influence of environmental fluctuations
The classical model of interacting populations is based on a system of nonlinear ordinary differential equations of the Lotka-Volterra kind:
in Eqs.(1) ρ i are the densities of the population members, r i are the growth rates (that can be negative if the number of deaths in the corresponding population is larger than the number of births). α ij are coefficients of interaction between the populations i and j.ρ i denotes the time derivative of the density ρ i . Let us now suppose [4] - [8] that the birth rates and interaction coefficients depend on the density of the populations:
In Eq.(2) r ij and α ijk are parameters. The substitution of Eq. (2) in Eq. (1) leads to a system of model equations of the kinḋ
We note that the system (3) consists of nonlinear ordinary differential equations with polynomial nonlinearities up to the order 4.
3 Model equations when the birth rates are influenced by environmental fluctuations
Let us now suppose that the birth rates and interaction coefficients depend on the density of the populations and in addition the birth rates fluctuate. If the number of the populations in the studied system is n then in general the number of external influences that we have to account for will be n too. The equations for the growth rates and interaction coefficients become
In Eq. (4) r ij and α ijk are parameters and η i are noises (Below we shall assume that η i are Gaussian white noises but in general there is no restriction on the probability density function and on the correlation properties of the noises).
The substitution of Eq. (4) in Eq.(1) leads to a system of model equations of the kindρ
Thus the presence of noise in the growth rates leads to change of the kind of the system of model equations. The system of nonlinear ordinary deterministic differential equations (2) is converted to a system of nonlieaar stochastic differential equations (5) . In addition the stochastic terms η i G i (ρ 1 , . . . , ρ n ) in the sytem (5) depend on the state of the system. The additive noise from Eqs.(3) leads to multiplicative noise in the system of equations (5) . If all η i are Gaussian white noises then the system (5) can be converted to a FokkerPlanck equation for the probability density function of the densities of the populations.
Model equations when the interaction coefficients are influenced by environmental fluctuations
This case is more complicated as the number of interagtion coefficients in general is n 2 where n is the number of interacting populations. The additive noises σ ij are included in the equations for α ij
In Eq. (6) r ij and α ijk are parameters and η i are Gaussian white noises. The substitution of Eq. (6) in Eq. (1) leads to a system of model equations of the kindρ
In the general case the system (7) can be solved only numerically. But in the particular cases (where each equations contains only a single multiplicative noise and this multiplicative noise is Gaussian white noise) the analytical treatment is possible on the basis of the theory of Markov processes and forward Kolmogorov (Fokker-Planck) equation.
5 Model equations for the general case when all parameters are influenced by environmental fluctuations
In the general case the environment fluctuations can influence both the growth rates and the interaction coefficients. In this case the additive noises σ ij are present in the equations for α ij and additive noises η i are present in the equation for r i . Thus the equations for the growth rates and for the competition coefficients become
The substitution of Eqs. (8) in Eq.(1) leads to a system of model equations of the kindρ
i ;
We observe three kinds of noise terms in the system of equations (9) . G
(1) ij is a result of the action of the environment on the coefficients of interaction between the populations. G ( 2) i is a result of the action of the environment on the growth rates. And because of the nonlinearity of the model equations there exist third kind of terms G
that is a result of the joint action of the two influences. If one kind of influence is not present G (3) is 0. In general the system (9) can be studied only numerically. Analytical treatment is possible only when one of the two kinds of influences is missing and the noises that account for the environment influences are Gaussian white noises.
General case for presence of multiplicative white noise in the coefficients
Even more general case of influence by the environment is when this influence depends on the state of the system. In this case instead of additive noises we have to add multiplicative noises at the equations for the growth rates and interaction coefficients. The equations become
We remember that in Eq. (10) r ij and α ijk are parameters; η i and σ ij are Gaussian white noises; and H i and I ij are functions depending on the densities of the populations. The substitution of Eq. (10) in Eq. (1) leads to a system of model equations of the kinḋ
7 An example for reduction of model stochastic differential equations to a Fokker-Planck equation
Let us discuss the model system (5) for the case of one population (we set r 0 = r; r 11 = 0; α 0 11 = α; α 111 = 0). The model equation iṡ
Eq. (12) is a particular case of a more general equation. We shall discuss the case where F (ρ) and G(ρ) are polynomials of arbitrary orders p 1 and p 2 , i.e.,
where µ i and θ i are parameters. In this case Eq.(12) becomeṡ
The formal integration of Eq. (14) leads to the equation
where W τ is a Wiener process. The integral
of Ito kind or integral of Stratonovich kind. Let us assume that the integral is an integral of Ito kind. For this case Eq.(15) can be written as
where we wrote the time dependence as subscript and in general F and G are given by Eqs. (13) . The Fokker-Planck equation that corresponds to Eq. (16) is
We can formulate the following statement (the proof will be presented elsewhere): Let b 1 and b 2 be natural boundary points (−∞ ≤ b 1 < b 2 ≤ ∞).
Then the diffusion process X t that is solution of the stochastic differential equation Eq. (16) has unique invariant distribution with p.d.f.
if the quantity
has finite value. In addition each time-dependent solution p(x, t) of the Fokker-Planck equation (17) 
For the case of more than one population we have to solve the system of stochastic differential equations
where W j (t) are independent Wiener processes and
The corresponding Fokker-Planck equation is: (G ij = G i δ ij where δ ij is the Kronecker delta-symbol)
Concluding remarks
In this paper we discuss the influence of environment fluctuations on the dynamics of interacting populations modelled by system of nonlinear differential equations. The problem is intereting as the fluctuations are often present in the complex systems [9] - [11] and in particular in the systems of populations [12] - [14] . In the discussed above models the growth rates and the interaction coefficents depend on the density of the populations. The influence of environment leaded to terms containing multiplicative noise or more complicated kind of noise. This research is continuation of our research on presence of additive noise in the model equations of the population dynamics [15] , [16] There are two main approaches to deal with fluctuations. The first approach is based on appropriate averaging and in this way one investigates mean quantities connected to the problem. In addition this approach can lead to reduction of the spatial dimensions of the problem if such dimensions are present as well as it can lead to relatively simple mathematical description of somlex media such as porous media (for examples see [17, 18] ).
Finally let us note that one possible extension of the above research is to include spatial dimensions in the model equations [19] - [21] . For the case without environment influence we can obtain even analytical solutions of the model nonlinear PDEs [22] - [24] . In general the case when environment influence is present can be treated only numerically. We shall discuss these problems in more detail elsewhere.
